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LOCALLY CONFORMAL KAEHLER MANIFOLDS
SUMMARY
In this thesis, some properties of locally conformal Kaehler manifold are presented.
The Lee form on l.c.K-manifolds is defined. It is proved that a Hermitian manifold is
an l.c.K-manifold if and only if there exist on M a global closed 1-form α such that
dΩ = 2α ∧Ω .
It is also proved that an 2n-dimensional l.c.K-manifold characterization as a Hermitian
manifold admiting a global closed 1-form αλ whose structure (Fλµ, gµλ) satisfies the
equation
∇νFµλ = −βµgνλ + βλgνµ − αµFνλ + αλFνµ .
Furthermore, certain properties of l.c.K-space forms and the Riemannian curvature
tensor with respect to gµλ are presented. We get the necessary and sufficient condition
for the length of the Lee form to be constant.
Moreover, we state some properties of contravariant and covariant almost analytic
vector fields in l.c.K-manifolds.
Finally, we present submanifolds of l.c.K-manifolds and l.c.K-space forms. The
invariant submanifold is defined on l.c.K-manifolds and space forms.
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LOKAL OLARAK KONFORMAL KAEHLER MANI˙FOLDLARI
ÖZET
Bu tez çalıs¸masında, lokal olarak konformal Kaehler manifoldlarının bazı özellikleri
sunulmus¸tur. L.c.K-manifoldlarda Lee form tanımlanmıs¸tır. Bir Hermitian manifoldun
bir l.c.K-manifold olması için gerek ve yeter kos¸ulun
dΩ = 2α ∧Ω ,
olacak s¸ekilde bir global kapalı 1-form α nın mevcut olması ispatlanmıs¸tır.
Bir global kapalı 1-form αλ yı kabul eden bir Hermitian manifold olarak, bir
2n-boyutlu l.c.K-manifoldunun karakterizasyonunun
∇νFµλ = −βµgνλ + βλgνµ − αµFνλ + αλFνµ ,
denklemini sag˘ladıg˘ı ispatlanmıs¸tır.
Ayrıca, l.c.K-uzay formlarının ve Riemann eg˘rilik tensörünün belirli özellikleri
sunulmus¸tur. Lee formun uzunlug˘unun sabit olması için gerek ve yeter kos¸ul elde
edilmis¸tir.
Buna ilaveten, l.c.K-manifoldlarda kontravaryant ve kovaryant hemen hemen analitik
vektör alanlarının bazı özellikleri ifade edilmis¸tir.
Son olarak, l.c.K-manifoldlar ve l.c.K-uzay formlarının altmanifoldları sunulmus¸tur.
Böylece, l.c.K-manifoldlar ve uzay formlarda invaryant altmanifoldlar tanımlanmıs¸tır.
xi
xii
1. INTRODUCTION
The notion of a locally conformal Kaehler manifold (an l.c.K-manifold), in a Hermitian
manifold has introduced by I. Vaisman [11] on 1976. And then he wrote a series of
such manifolds [12], [3], etc. T. Kashiwada has determined a necessary and sufficient
condition that a Hermitian manifold is an l.c.K-one by using tensor equation [4].
Moreover T. Kashiwada has determined the curvature tensor of an l.c.K-manifold with
a constant holomorphic sectional curvature (an l.c.K-space form).
Furthermore, T. Kashiwada [3], [2] and K. Matsumoto [6] gave some proporties about
such a manifold. Then we can see a lot of paper about these manifolds [8] and its
submanifolds [5].
Let M be a real 2n-dimensional Hermitian manifold with structure (F,g) , whereby F is
the almost complex structure and g is the Hermitian metric. The fundamental 2-form
Ω is defined by Ω(X,Y) = g(FX,Y) for any vector fields X and Y tangent to M. The
manifold M is called a locally conformal Kaehler manifold if each point x in M has an
open neighborhood U with a positive differentiable function ρ : U → R such that
g∗ = e−2ρg |U
is a Kaehlerian metric on U. Especially, if we can take U = M , then the manifold M
is said to be globally conformal Kaehler [11].
A Hermitian manifold whose metric is locally conformal to a Kaehler metric is called
a locally conformal Kaehler manifold. I. Vaisman [11] gives its characterization as
follows:
A Hermitian manifold M is an l.c.K-manifold if and only if there exists on M a global
1
closed 1-form α such that
dΩ = 2α ∧Ω ,
whereby the fundamental 2-form Ω is defined as Ω(X,Y) = g(FX,Y) for any vector
fields X and Y tangent to M and α is called the Lee form and introduced actually as
follows: Consider at first a 1-form α = dρ in a neighborhood U at any point, whereby
e−2ρg is a Kaehler metric in U.
The following is essential in l.c.K-manifolds [4].
An 2n-dimensional locally conformal Kaehler manifold characterization as a
Hermitian manifold admiting a global closed 1-form αλ (Lee form) whose structure
(Fλµ, gµλ) satisfies
∇νFµλ = −βµgνλ + βλgνµ − αµFνλ + αλFνµ ,
whereby ∇λ denotes the covariant differentiation with respect to the Hermitian metric
gµλ .
The relations between these spaces may be seen in the diagram:
Complex manifold (FεµF
λ
ε = −δλµ)
↓
Hermitian manifold (FεµF
γ
λgεγ = gµλ)
↓
l.c.K-manifold (∇νFµλ = −βµgνλ + βλgνµ − αµFνλ + αλFνµ)
↓
Kaehler manifold (∇νFλµ = 0)
In this thesis, we study l.c.K-manifolds and its submanifolds.
This thesis is divided into 6 Chapters:
Chapter 2 gives the fundamental concepts which we will use the next chapters.
In Chapter 3, we state some properties of l.c.K-manifolds. The Lee form on this
2
manifold is defined. Especially the main purpose of this chapter is to get a necessary
and sufficient condition for a Hermitian manifold to be an l.c.K-manifold. And also we
study some condition to be a Kaehler manifold and the Riemannian curvature tensor in
an l.c.K-manifold [4]. Further, we present certain properties of the l.c.K-space forms
and mainly get the necessary and sufficient condition for an l.c.K-space form to be an
Einstein one. The Riemannian curvature tensor with respect to gµλ is expressed without
the tensor field Pµλ. Moreover, in this chapter we get the necessary and sufficient
condition for the length of the Lee form to be constant.
In Chapter 4, we study contravariant and covariant almost analytic vector fields in
l.c.K-manifolds [9].
Chapter 5 is concerned with the submanifolds of l.c.K-manifolds [5]. The invariant
submanifold is defined on an l.c.K-submanifold [7]. After that we present submanifold
of an l.c.K-space form and invariant submanifold of this space.
Finally, in Chapter 6, we give conclusion and recommendations.
3
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2. FUNDAMENTAL CONCEPTS IN RIEMANNIAN GEOMETRY AND
COMPLEX MANIFOLDS
2.1 Riemannian Manifolds
A Riemannian metric on a smooth manifold M is a 2-tensor field g ,that is, g is a (0,2)
tensor field on M. Since g is a symmetric and positive definite, Riemannian metric then
determines an inner product on each tangent space TpM , which is written by
〈X,Y〉 = g(X,Y), ∀X,Y ∈ TpM.
Therefore if X,Y,Z ∈ TpM , then 〈X,Y〉 : TpM × TpM → R satisfies the following
properties:
(i) Symmetric provided 〈X,Y〉 = 〈Y, X〉 ,
(ii) bilinear provided 〈X + Y,Z〉 = 〈X,Z〉 + 〈Y,Z〉
〈aX,Y〉 = a〈Y, X〉 , a ∈ R ,
(iii) positive definite provided 〈X, X〉 = 0 if X,0 ,
(iv) C∞ provided if X and Y are C∞ fields with domain A, then
〈X,Y〉p = 〈Xp,Yp〉 is a C∞ function on A.
A Riemannian manifold is a C∞ manifold M furnished with a Riemannian metric g and
write (M, g) .
When (iii) replaced by
(v) Nondegenerate provided 〈X,Y〉 = 0 ∀ Y implies X = 0 , g is called a
semi-Riemannian metric. A C∞ manifold with a semi-Riemannian metric is called
a semi-Riemannian manifold.
The local components of g on an open set U ⊂M are given by
gµλ = g(∂µ, ∂λ) = 〈∂µ, ∂λ〉 ,
whereby ∂µ = ∂∂xµ are basis vectors on U.
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A connection ∇ on a smooth Riemannian manifold M is a function ,
∇ : X(M) × X(M)→ X(M)
such that
(i) ∇ f X1+gx2Y = f∇X1Y + g∇X2Y ,
(ii) ∇X(aY1 + bY2) = a∇XY1 + b∇XY2 ,
(iii) ∇X( f Y) = f∇XY + (X f )Y ,
whereby f,g ∈ C∞(M) , a,b ∈ R, X,Y ∈ TpM. ∇XY is called the covariant derivative of
Y in the direction of X.
A Riemannian connection (Levi-Civita connection) ∇ on a Riemannian manifold M is
a connection such that
(v) X〈Y,Z〉 = 〈∇XY,Z〉 + 〈Y,∇XZ〉
(vi) [X,Y] = ∇XY − ∇Y X
and it is characterized by the Koszul formula
2〈∇XY,Z〉 = X〈Y,Z〉 + Y〈Z, X〉 − Z〈X,Y〉 − 〈X, [Y,Z]〉
+ 〈Y, [Z, X]〉 − 〈Z, [X,Y]〉 .
Let T be an r-tensor. The covariant derivative ∇T of T is a tensor of order (r+1) given
by
(∇T )(X1, X2, ..., Xr; X) = (∇T )(X1, ..., Xr)
= ∇X(T (X1, ..., Xr)) −
r∑
i=1
T (X1, ...,∇XXi, ..., Xr) .
Let {Eµ} be a local frame for TM on an open subset U⊂M. For any choices of the
indices µ and λ , we can expand ∇EµEλ interms of this frame
∇EµEλ = ΓεµλEε. (2.1)
The Christoffel symbols Γεµλ of ∇ with respect to this frame are given by
Γνµλ =
1
2
gνε(∂µgλε + ∂λgµε − ∂εgµλ) , (2.2)
and the covariant derivative of a tensor Tµλ is given by
∇νTµλ = ∂νTµλ − ΓενµTελ − ΓενλTµε . (2.3)
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2.2 Riemannian Curvature Tensor
If X,Y ∈ TpM , then linear operator
R(X,Y) : TpM → TpM
is called the curvature operator.
We define the Riemannian curvature tensor as the covariant 4-tensor field obtained
from (1,3)-tensor field R(X,Y)Z by lowering the last index. Its action on vector fields
is given by
R(X,Y,Z,W) = 〈R(X,Y)Z,W〉 = g(R(X,Y)Z,W) ,
whereby
R(X,Y)Z = ∇X∇YZ − ∇Y∇XZ − ∇[X,Y]Z . (2.4)
In terms of local coordinates
Rωµλν = Rεωµλgεν ,
whereby
Rνωµλ = ∂ωΓ
ν
µλ − ∂µΓνωλ + ΓνωεΓεµλ − ΓνµεΓεωλ .
The curvature tensor satisfies the following symmetries :
(i) R(X,Y)Z + R(Y, X)Z = 0
(ii) R(X,Y)Z + R(Y,Z)X + R(Z, X)Y = 0
which is called first Bianchi identity.
(iii) R(X,Y,Z,W) = −R(Y, X,Z,W)
(iv) R(X,Y,Z,W) = −R(X,Y,W,Z)
(v) R(X,Y,Z,W) = R(Z,W, X,Y) .
The total covariant derivative of the curvature tensor satisfies the following identity:
(∇XR)(Y,Z) + (∇YR)(Z, X) + (∇ZR)(X,Y) = 0 (2.5)
which is called the second Bianchi identity.
If e1, e2, ..., en are local orthonormal vector field, then
R(Y,Z) =
n∑
λ=1
g(R(eλ,Y)Z, eλ)
7
defines a (0,2) tensor field with local components
Rµλ = Rεεµλ = g
εγRεµλγ .
The tensor field R(Y, Z) is called a Ricci tensor.
The scalar curvature is the function S defined as the trace of the Ricci tensor:
S =
n∑
λ=1
R(eλ, eλ) = traceR = Rλλ = g
µλRµλ . (2.6)
The curvature tensor appears also in the Ricci identities:
∇ω∇µ3κ − ∇µ∇ω3κ = Rκωµλ3λ , (2.7)
∇ω∇µ4λ − ∇µ∇ω4λ = −Rεωµλ4ε , (2.8)
∇ω∇νT κµλ − ∇ν∇ωT κµλ = RκωνεT εµλ − RεωνµT κελ − RεωνλT κµε . (2.9)
A Riemannian manifold is called an Einstein manifold if
Rµλ = Cgµλ ,
whereby C is constant.
Let M be a semi-Riemannian manifold and p∈M. A two dimensional subspace pi of
the tangent space TpM is called a tangent plane to M at p. pi is determined by linearly
independent vectors X and Y at p. We define the sectional curvature K(pi) of pi spanned
by X and Y at p is given by
K(X,Y) = K(pi) =
R(X,Y,Y, X)
g(X, X)g(Y,Y) − g(X,Y)2 . (2.10)
In particular , if pi is spanned by an orthonormal basis u and v at p , the sectional
curvature is given by
K(pi) = R(u, v, v, u).
In local components,
K(pi) =
RωµλνXωYµYλXν
(gωνgµλ − gωλgµν)XωYµYλXν . (2.11)
The sectional curvature K of M is a real-valued function on the set of all nondegenerate
8
tangent planes to M.
The famous theorem of Green can now be stated as follows:
GREEN’S THEOREM. In a compact orientable Riemannian manifold M, we have∫
M
(∇3)dσ = 0 (2.12)
for any arbitrary vector field 3, whereby dσ is the volume element
dσ =
√
gd31 ∧ d32 ∧ ... ∧ d32n.
2.3 Lie Derivatives
Let M be an n-dimensional manifold and 4 is an r-form and X1, X2, ..., Xr ∈ TM
(£X4)(X1, X2, ..., Xr) = X(4(X1, X2, ..., Xr))
−
r∑
i=1
4(X1, ..., [X, Xi], ..., Xr) ,
whereby X(4(X1, X2, ..., Xr)) is the derivative of the function 4(X1, X2, ..., Xr) by Xr is
called the Lie Derivative of an r-form.
If r=1, then
£X4 = X(4(Y)) − 4([X,Y]) .
If r=0 , i.e. 4 is a scalar field , £X4 = X4.
The Lie derivatives of a contravariant vector 3λ , a covariant vector 4λ and a tensor field
T λµ are given by respectively
£X3λ = Xε∇ε3λ − 3ε∇εXλ , (2.13)
£X4λ = Xε∇ε4λ − 4ε∇λXε , (2.14)
£XT λµ = X
ε∇εT λµ − T εµ∇εXλ + T λε∇µXε . (2.15)
The equation
£Xgµλ = Xε∇εgµλ + gελ∇µXε + gµε∇λxε = ∇µXλ + ∇λXµ = 0 (2.16)
9
is called a Killing equation and a vector satisfying (2.16) is called a Killing vector.
Moreover for a closed vector field X , we have
∇µXλ − ∇λXµ = 0 . (2.17)
2.4 Conformal Changes of a Riemannian Metric
Let M be an 2n-dimensional Riemannian manifold with metric tensor g and ρ a positive
function on M. Then
g∗ = e−2ρg (2.18)
defines a metric tensor on M which does not change the angle between two vectors at
a point. Hence it is a conformal change of the metric.
Let ∇∗ denote the operator of covariant differentiation with respect to the Christoffel
symbols Γ∗νµλ formed with g
∗. And g∗ and g are conformally related , then we have
∇∗XY = ∇XY + ω(X)Y + ω(Y)X − g(X,Y)A (2.19)
for any vector field X and Y, whereby ω is a 1-form given by
ω = d(lne−ρ)
and A is a vector field given by g(A, X) = ω(X) [1].
In local coordinates, if put X = ∂µ and Y = ∂λ, we have
∇∗∂µ∂λ = ∇∂µ∂λ + ω(∂µ)∂λ + ω(∂λ)∂µ − g(∂µ, ∂λ)A
and also
ω(∂λ) = d(lne−ρ)(∂λ) = ∂λ(−ρ) = −∇λρ = −αλ ,
whereby α = dρ, and from the above equation we get
∇∗∂µ∂λ = ∇∂µ∂λ − αµ∂λ − αλ∂µ + g(∂µ, ∂λ)A . (2.20)
Then we write
g(A, ∂λ) = ω(∂λ) = −αλ ,
A = grad(lne−ρ) = grad(−ρ) = −Σgεγαε∂γ = −Σαε∂ε .
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Using (2.20) , we obtain
ΣΓ∗νµλ∂ν = ΣΓ
ν
µλ∂ν − αµ∂λ − αλ∂µ + gµλΣαε∂ε
and so
ΣΓ∗νµλ∂ν = ΣΓ
ν
µλ∂ν + Σ{−αλδνµ − αµδνλ + gµλαν}∂ν .
Hence, the Christoffel symbols of g∗ is given by
Γ∗νµλ = Γ
ν
µλ − αλδνµ − αµδνλ + gµλαν . (2.21)
Then we have
e−2ρR∗µλων − Rµλων = Pµωgλν − Pλωgµν + gµωPλν − gλωPµν , (2.22)
whereby R∗ is the Riemannian curvature tensor of g∗.
2.5 Submanifolds
Let N be a real m-dimensional manifold immersed in a real 2n-dimensional manifold
M with 2n〉m and N is imbedded in M. If the manifold M is covered by a system
of coordinate neighborhood {V, 3λ} and N is covered by a system of coordinate
neighborhood {U, ui}, here and in the sequel the indices k, j, ..., i run over the range
{ 1, 2, ..., m} , then the submanifold N can be locally represented by
3λ = 3λ(ui) . (2.23)
In the following, we shall identify vector fields in N and their image under the
differential mapping, that is , if i denotes the immersion of N in M and X is a vector
field in N, we identify X and i∗(X) where i∗ : TpN → TpM.
If X is a vector field in N and has the local expression X = ui∂i then X also has the
local expression
X = Bλi u
i∂λ
in M, whereby ∂λ = ∂∂3λ and
Bλi = ∂i3
λ =
∂3λ
∂ui
.
Let X be a vector field on N. Then a vector field X˜ defined on M is called an extension
of its restriction to the submanifold N is X.
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Suppose that the manifold M is a Riemannian manifold with Riemannian metric g˜.
Then the submanifold N is also a Riemannian manifold with Riemannian metric g
given by
g(X,Y) = g˜(X,Y) (2.24)
for any vector field X and Y in N. The Riemannian metric g on N is called the induced
metric on M.
In local components, it is written by
g ji = gµλB
µ
j B
λ
i
with g = g jidu jdui and g˜ = gµλd3µd3λ.
If a vector ξp of M at a point p ∈ N satisfies
g˜(up, ξp) = 0 (2.25)
for any vector up of N at p, then ξp is called a normal vector of N in M at p.
Let T⊥N denote the vector bundle of all normal vectors of N in M. The tangent bundle
of M , restricted to N, is the direct sum of the tangent bundle TN of M and the normal
bundle T⊥N of N in M, that is
T M |N= T N + T⊥N . (2.26)
The formula
∇˜XY = ∇XY + h(X,Y) (2.27)
is called the Gauss formula, whereby ∇XY is a vector field tangent to N and h(X,Y) is
a vector field normal to N.
Let ξ be a normal vector field on N and X be a vector field on N. We can decompose
∇˜Xξ as
∇˜Xξ = −Aξ(X) + ∇⊥Xξ , (2.28)
whereby Aξ(X) and ∇˜Xξ are , respectively , the tangential component and the normal
component of ∇Xξ. The equation (2.27) is called the Weingarten’s formula.
The equation of Gauss and Codazzi are respectively given by
〈R(X,Y)Z,W〉 = 〈R˜(X,Y)Z,W〉 + 〈h(X,W), h(Y,Z)〉
− 〈h(Y,W), h(X,Z)〉 (2.29)
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and
(R˜(X,Y)Z)⊥ = (∇⊥Xh)(Y,Z) − (∇⊥Y h)(X,Z) , (2.30)
whereby R˜ denotes the curvature tensor of the submanifold N and
(∇⊥Xh)(Y,Z) = ∇⊥Xh(Y,Z) − h(∇XY,Z) − h(Y,∇XZ).
2.6 Complex Manifolds
We consider a 2n-dimensional real manifold M of class C∞ covered by a system of
coordinate neighbourhoods , 3λ , where ν, µ, ..., λ run over the range 1, 2, ..., n, 1¯, 2¯, ..., n¯
and indices a, b, ... run over the range 1, 2, ..., n. We can introduce in each coordinate
neighbourhood (3λ) complex coordinates (za) defined by
za = 3a +
√−1 3a¯ . (2.31)
We call (3λ) real coordinates and za complex coordinates of a point with respect to
these system of coordinates respectively.
If we can cover the whole manifold M by a system of coordinate neighbourhoods (za)
in such away that, in the intersection of two complex coordinate neighbourhoods (za)
and (za´), we have
za´ = f a´(za) , | Aa´a |, 0 , (2.32)
whereby f a´ are regular complex functions of complex variables z1, z2, ..., zn and Aa´a =
∂aza´, we say that the manifold M admits a complex structure defined by the existence
of such a system of complex coordinate neighbourhoods and we call M a complex
manifold.
Now take a general tensor in complex manifold M such as
T λµ =
(
T ba T
b¯
a
T ba¯ T
b¯
a¯
)
.
If a tensor T λµ has components of the type
T λµ =
(
T ba 0
0 T b¯a¯
)
,
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we say that T λµ is pure and if it has components of the type
T λµ =
(
0 T b¯a
T ba¯ 0
)
,
we say that T λµ is hybrid.
We now assume that there is a given self-conjugate positive definite Riemannian metric
ds2 = gµλd3µd3λ (2.33)
in the complex manifold.
If the fundamental tensor gµλ is hybrid, that is, it has the form
gµλ =
(
0 gab¯
ga¯b 0
)
,
then we call such a metric a Hermitian metric and the complex space with a Hermitian
metric a Hermitian manifold. Since the fundamental tensor gµλ is hybrid we write
FcµF
b
λgcb = gµλ , (2.34)
whereby the complex structure Fλµ has the compponents
Fλµ =
(
0 δba
−δba 0
)
in the real coordinate system (3λ). It satisfies
FεµF
λ
ε = −δλµ .
A Hermitian manifold is Keahlerian if and only if
∇νFλµ = 0 or ∇νFµλ = 0 . (2.35)
A vector uλ at a point in a Kaehler space is always orthogonal to Fλµu
µ, so they are
also linearly independent. The plane element determined by uλ and Fλµu
µ is called a
holomorphic section.
The sectional curvature K of the space at this point wih respect to this holomorphic
14
section is given by
c = −Rωµλν F
ω
ε u
ε uµ Fλγu
γ uν
gεµuε uµ gγνuγ uν
. (2.36)
The equation (2.36) is called a holomorphic sectional curvature with respect to the
vector uλ.
If (2.36) is always constant with respect to any vector at every point of the space, then
the space is called a space of constant holomorphic sectional curvature.
The Riemannian curvature tensor R of an Kaehler space with the constant holomorphic
sectional curvature c is given by
4Rωνµλ = c (gωλgνµ − gωµgνλ + FωλFνµ − FωµFνλ − 2FωνFµλ) . (2.37)
If M be an even-dimensional Kaehler manifold with a constant holomorphic sectional
curvature, it is called complex space form.
15
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3. LOCALLY CONFORMAL KAEHLER MANIFOLDS
3.1 Locally Conformal Kaehler Manifolds
Let M be a real 2n-dimensional Hermitian manifold with structure (F,g) , whereby
F is the almost complex structure and g is the Hermitian metric. The fundamental
2-form Ω is defined by Ω(X,Y) = g(FX,Y) for any vector fields X and Y tangent to M.
The manifold M is called a locally conformal Kaehler manifold (an l.c.K-manifold) if
each point x in M has an open neighborhood U with a positive differentiable function
ρ : U → R such that
g∗ = e−2ρg |U (3.1)
is a Kaehlerian metric on U , that is, ∇∗F = 0 , whereby ∇∗ is the covariant
differentiation with respect to g∗ . Especially, if we can take U = M , then the manifold
M is said to be globally conformal Kaehler, and R is the real number space.
Theorem 3.1 [11]. A Hermitian manifold M is an l.c.K-manifold if and only if there
exists on M a global closed 1-form α such that
dΩ = 2α ∧Ω (3.2)
and α is called the Lee form.
Proof . If M (F,g) is an l.c.K-manifold, then on each open set Ui we have that
gi = e−2ρig
is Kaehler , so that
Ωi(X,Y) = gi(FX,Y) = e−2ρig(FX,Y) = e−2ρiΩ(X,Y) .
This gives
dΩi = −2dρie−2ρi ∧Ω + e−2ρi ∧ dΩ .
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Since gi is a Kaehler metric, then Ωi is a Kaehler form and dΩi = 0. Then we get
−2e−2ρidρi ∧Ω + e−2ρi ∧ dΩ = 0
which implies
dΩ = 2dρi ∧Ω .
Hence, on overlaps Ui j = Ui ∩ U j , we have
gi = e−2(ρi−ρ j)g j , Ωi = e−2(ρi−ρ j)Ω j
and by exterior differential of Ωi, we obtain
dΩi = −2e−2(ρi−ρ j)d(ρi − ρ j) ∧Ω j + e−2(ρi−ρ j)dΩ j .
Since Ω j is also a Kaehler form, then dΩ j = 0 , we can write
d(ρi − ρ j) ∧Ω j = 0 .
By the non-degeneracy of the metric and hence the Kaehler form we must have
dρi = dρ j on Ui j, so that the local on forms will glue up to a globally closed 1-form
satisfying the definition of a Lee form.
Conversely, having a Lee form on M , there is an open cover Ui for M and family of a
differentiable function ρi defined on Ui ’s such that
α |Ui= dρi
for each i.
Since dΩ = 2α ∧ Ω we have by restriction that dΩ = 2dρi ∧Ω on each Ui. This gives
dΩi = d(e−2ρiΩ) = −2e−2ρidρi ∧Ω + e−2ρidΩ
= −e−2ρidΩ + e−2ρidΩ
= e−2ρi(−dΩ + dΩ)
= 0 .
Hence, gi = e−2ρig is Kaehler on Ui , so that M(F, g, α) is an l.c.K-manifold. 
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Theorem 3.2 [4]. A Hermitian manifold M (F,g) is an l.c.K-manifold if and only if
∇νFµλ = −βµgνλ + βλgνµ − αµFνλ + αλFνµ , (3.3)
whereby α is a global closed 1-form and ∇λ denotes the covariant differentiation with
respect to the Hermitian metric gµλ, and also
βλ = α
εFελ (3.4)
and the indices ν, µ, ..., λ run over the range {1,2, ... ,2n}.
Proof . Let M(Fλµ, gµλ, αλ) be an l.c.K-manifold. By its definition at any point there
exists a neighborhood in which a conformal metric g∗ = e−2ρg is Kaehler one. Then
we write
∇∗ν(Fεµg∗ελ) = (∇∗νFεµ)g∗ελ + Fεµ∇∗νg∗ελ = 0
and also
∇∗ν(Fεµg∗ελ) = ∇∗ν(e−2ρFεµgελ) = ∇∗ν(e−2ρFµλ) = 0 . (3.5)
By using (2.3) , we have
∇∗ν(e−2ρFµλ) = ∂ν(e−2ρFµλ) − Γ∗ενµ(e−2ρFελ) − Γ∗ενλ(e−2ρFµε) .
Substituting (2.21) into above equation, we get
∇∗ν(e−2ρFµλ) = ∂ν(e−2ρFµλ) − e−2ρΓενµFελ − e−2ρΓενλFµε + e−2ρ{ανFµλ
+ αµFνλ − gνµαεFελ + ανFµλ + αλFµν − gνλαεFµε} .
Taking into account the following
∂ν(e−2ρFµλ) = ∂ν(e−2ρ)Fµλ + e−2ρ∂ν(Fµλ) = −2e−2ρανFµλ + e−2ρ∂νFµλ ,
we find
∇∗ν(e−2ρFµλ) = e−2ρ{∇νFµλ + αµFνλ − αεFελgνµ + αλFµν − αεFµεgνλ} .
Using (3.4) and (3.5) , we obtain the equation (3.3) .
Conversely, if we have (3.3) , then from this equation there exist a global closed 1-form
α. By using previous theorem , M(Fλµ, gµλ, αλ) is an l.c.K-manifold. This completes the
proof. 
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Moreover , by using (3.3) and (3.4) in an l.c.K-manifold, we have the following
formulae:
∇µβλ = −βµαλ + βλαµ − ‖α‖2Fµλ + ∇µαεFελ , (3.6)
∇εβε = 0 , (3.7)
∇λβεFµε = ∇µβεFλε , (3.8)
(n − 2)αλ = Fελ∇γFεγ = Fγε∇γFελ , (3.9)
(n − 2)βλ = ∇εFελ , (3.10)
αε∇εFµλ = βε∇εFµλ = 0 , (3.11)
αε∇λFεµ = −βλαµ + αλβµ − ‖α‖2Fµλ , (3.12)
and
βε∇λFεµ = βλβµ + αλαµ − ‖α‖2gµλ , (3.13)
whereby ‖α‖ denotes the length of the Lee form α with respect to gµλ.
Furthermore taking into account of the Ricci’s identity, we get
Dωνµλ = ∇ω∇νFµλ − ∇ν∇ωFµλ
= −RεωνµFελ − RεωνλFµε
= −RεωνµFελ + RεωνλFεµ (3.14)
and by using (3.3) , we write
∇ω∇νFµλ − ∇ν∇ωFµλ = ∇ω{−βµgνλ + βλgνµ − αµFνλ + αλFνµ}
− ∇ν{−βµgωλ + βλgωµ − αµFωλ + αλFωµ}
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and from (3.6) , we have
Dωνµλ = {βωαµ − βµαω + ‖α‖2Fωµ − ∇ωαεFεµ}gνλ + {−βωαλ
+ βλαω − ‖α‖2Fωλ + ∇ωαεFελ}gνµ − ∇ωαµFνλ + {βνgωλ
− βλgων + ανFωλ − αλFων}αµ + ∇ωαλFνµ + {−βνgωµ
+ βµgων − ανFωµ + αµFων}αλ + {−βναµ + βµαν − ‖α‖2Fνµ
+ ∇ναεFεµ}gωλ − {−βναλ + βλαν − ‖α‖2Fνλ + ∇ναεFελ}gωµ
+ ∇ναµFωλ + {−βωgνλ + βλgνω − αωFνλ + αλFνω}αµ
− ∇ναλFωµ + {βωgνµ − βµgνω + αωFνµ − αµFνω}αλ
which implies that
Dωνµλ = PωµFνλ − PνµFωλ + gωµPνεFελ − gνµPωεFελ
− PωλFνµ + PνλFωµ − gωλPνεFεµ + gνλPωεFεµ , (3.15)
whereby
Pµλ = −∇µαλ − αµαλ + ‖α‖
2
2
gµλ (3.16)
is a symmetric (0,2)-tensor in an l.c.K-manifold.
We shall use also the tensor Gωνµλ and we have ,
Gωνµλ = DωνµγF
γ
λ
= {−RεωνµFεγ + RεωνγFεµ}Fγλ
= −Rεωνµgελ − RεωνγFµεFγλ (3.17)
and so
Gωνµλ = −Rωνµλ + RωνεγFεµFγλ . (3.18)
Making use of the tensor Hµλ [14], defined by
Hµλ =
1
2
RµλεγFεγ , (3.19)
by using (3.14) we get
Dεωελ = Dωελνg
νε = −RεωFελ − Hωλ (3.20)
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and also
Dεωελ = Dωελνg
νε = {∇ω∇εFλν − ∇ε∇ωFλν}gνε
= ∇ω∇εFελ − ∇ε∇ωFελ .
Consequently
Dεωελ = ∇ω{−βλδεε + βεgελ − αλFεγgεγ + αεFελ} − ∇ε{−βλδεω + βεgωλ − αλFεω + αεFωλ}
and by (3.7) and the fact Fεγgεγ = 0 , we have
Dεωελ = (−2n + 3)∇ωβλ + ∇εαλFεω − ∇εαεFωλ + (∇εFεω)αλ − (∇εFωλ)αε .
Taking into account (3.3) and (3.6) , we obtain
Dεωελ = (−2n + 3){−βωαλ + βλαω − ‖α‖2Fωλ + ∇ωαεFωλ + ∇εαλFεω}
− ∇εαεFωλ + {−βωδεε + 2βω}αλ − {−βωgελ + βλgεω − αωFελ
+ αλFεω}αε .
Using (3.16) , and the equality Pεε = −∇εαε−‖α‖2+n‖α‖2 , the above equation becomes
Dεωελ = −(2n − 3)PωεFελ − PελFεω + PεεFωλ . (3.21)
In view of (3.15) and contracting (3.17) with gνε , we get
Gεωελ = DωελγF
γ
νg
νε = {PωλFεγ − PελFωγ + gωλPεκFκγ − gελPωκFκγ
− PωγFελ + PεγFωλ − gωγPεκFκλ + gεγPωκFκλ}Fγνgνε
= −(2n − 3)Pωλ + PεκFεωFκλ − Pεεgωλ . (3.22)
3.2 Condition to be a Kaehler Manifold in l.c.K-Manifolds
Theorem 3.3 [4]. In a compact l.c.K-manifold M(F, g, α) (n , 1) , if
H˜εε − Rεε (= Gεγγε) = 0
holds good where H˜µλ = −HµεFελ , then it is a Kaehler manifold. The inequality = in
this case is naturally reduce to =.
Proof . From (3.20) , we get
DεµεωF
ω
λ = −RεµFεωFωλ − HµωFωλ = H˜µλ − Rµλ = Gεµελ
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and
Gεµελ = H˜µλ − Rµλ = −(2n − 3)Pµλ + PεγFεµFγλ − Pεεgµλ . (3.23)
Contracting the above equation with gλµ , we have
H˜µµ − Rµµ = −(2n − 3)
{
− ∇µαλ − αµαλ + ‖α‖
2
2
gµλ
}
gλµ
+
{
− ∇εαγ − αεαγ + ‖α‖
2
2
gεγ
}
gεγ
−
{
− ∇εαε − ‖α‖2 + n‖α‖2
}
gµλgλµ
and consequently
H˜µµ − Rµµ = (2n − 3)∇µαµ − ∇εαε + 2n∇εαε + (2n − 3)αµαµ − 2n2‖α‖2
+ 3n‖α‖2 − ‖α‖2 + n‖α‖2 + 2n‖α‖2 − 2n2‖α‖2
= 4n∇µαµ − 4∇µαµ + (−4n2 + 8n − 4)αµαµ
which implies
H˜εε − Rεε = (2n − 2)[2∇εαε − (2n − 2)αεαε] . (3.24)
By using Green’s theorem, we get
2(2n − 2)
∫
M
∇εαεdσ − (2n − 2)2
∫
M
αεα
εdσ = 0 ,
whereby dσ is the volume element of the space and∫
M
αεα
εdσ = 0 .
Hence, α = 0, which means that the manifold is Kaehlerian. 
Proposition 3.4 [4]. If an 2n-dimensional l.c.K-manifold M(F, g, α) (n , 1) is an
Einstein space, then Pµλ is hybrid, i.e. ,
(∇µαε + αµαε)Fελ + (∇λαε + αλαε)Fεµ = 0 . (3.25)
Proof . Using the skew-symmetric property of Hµλ in (3.20) , we get
−Hµλ = RεµFελ − (2n − 3)PµεFελ − PλεFεµ − PεεFµλ = Hλµ
and then
RεµFελ − (2n − 3)PµεFελ − PλεFεµ − PεεFµλ = −RελFεµ + (2n − 3)PλεFεµ + PµεFελ + PεεFλµ
which gives
RµεFελ + RλεF
ε
µ − (2n − 2)(PµεFελ + PλεFεµ) = 0 . (3.26)
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Now suppose that the l.c.K-manifold M(F, g, α) (n , 1) is an Einstein space, then
RµεFελ + RλεF
ε
µ = 0 .
From (3.26) , we have
PµεFελ + PλεF
ε
µ = 0 , (3.27)
which means Pµλ is hybrid. In view of (3.16) , we have{
− ∇µαε − αµαε + ‖α‖
2
2
gµε
}
Fελ +
{
− ∇λαε − αλαε + ‖α‖
2
2
gλε
}
Fεµ = 0
and therefore
(∇µαε + αµαε)Fελ + (∇λαε + αλαε)Fεµ = 0 . 
Corollary 3.5 [4]. If an l.c.K-manifold M(F, g, α) (n , 1) with ∇α = 0 is an Einstein
space, it must be a Kaehler manifold.
Proof . In an Einstein space, Pµλ is hybrid, then by (3.25) we get α = 0, which means
that the manifold is a Kaehler manifold. 
Proposition 3.6 [4]. In an l.c.K-manifold M(F, g, α) (n ≥ 2) with ∇α = 0, α , 0 , it is
valid for any vector field X that
H˜µλXµXλ − Rµλ 5 0.
The equality holds only if for X = fα , ( f ∈ C∞(M)).
Proof . We consider under the condition ∇α = 0, α , 0. Taking into account (3.23)
and (3.16) , we obtain
H˜µλ − Rµλ = (2n − 3)αµαλ − βµβλ − (2n − 3)‖α‖2gµλ ,
and by transvecting with a vector X , we get
(H˜µλ − Rµλ)XµXλ = (2n − 3)αµαλXµXλ − βµβλXµXλ − (2n − 3)‖α‖2XµXλgµλ
= (2n − 3){(αεXε)2 − ‖α‖2|X|2} − (βεXε)2
which shows that H˜µλ − Rµλ is negative semidefinite.
If X = fα , ( f ∈ C∞(M)), then
(H˜µλ − Rµλ)XµXλ = (2n − 3)αµαλ f µαµ f λαλ − βµβλ f µαµ f λαλ
− (2n − 3)‖α‖2 f µαµ f λαλgµλ .
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Thus it follows
(H˜µλ − Rµλ)XµXλ = (2n − 3)
{
2‖α‖2 f µ f λ − 2‖α‖2 f µ f λ
}
= 0 . 
3.3 Riemannian Curvature Tensor in l.c.K-Manifolds
In this section we treat with the following relation [13]:
RabcdFaµF
b
λF
c
ωF
d
ν = Rµλων . (3.28)
Now let
g∗ = e−2ρg , Pµλ = −∇µρλ − ρµρλ + 12ρερ
εgµλ ,
whereby ρλ is the differential of ρ. Since g∗ and g are conformally related, then we
have [1]
e−2ρR∗µλων − Rµλων = Pµωgλν − Pλωgµν + gµωPλν − gλωPµν ,
whereby R∗ is the Riemannian curvature tensor of g∗.
Proposition 3.7 [4]. In a real 2n-dimensional (n >1) l.c.K-manifold M(F, g, α) , the
tensor field P is hybrid , i.e. ,
PµεFελ + PλεF
ε
µ = 0
if and only if the Ricci tensor is hybrid.
Theorem 3.8 [4]. In an l.c.K-manifold M(F, g, α) (n , 1) (3.28) holds good if and
only if ∇µαλ − αµαλ (or Ricci tensor) is hybrid.
Proof . We assume that (3.28) holds. Choose the F-base {e1, ..., em, em+1, ..., e2m},
whereby em+a = Fea , a = 1, 2, ...,m (= n) , we write
Rλµ∗ = ΣRωλµ∗ω (= ΣR(eω, eλ, Feµ, eω)) ,
whereby µ∗- component means the component for Feµ, µ = 1, 2, ..., 2m , so that
Rλµ∗ = R(eλ, Feµ) = RλεFεµ
and also
Rλµ∗ = ΣRωλµ∗ω = −ΣRω∗µλ∗ω∗ = −Rλ∗µ = −RµεFελ .
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Then it follows
Rλµ∗ + Rλ∗µ = 0
and consequently
RλεFεµ + RµεF
ε
λ = 0 .
From the above equation Ricci tensor is hybrid, and hence by Proposition 3.7 we get
that P is hybrid.
Conversely, if ∇µαλ − αµαλ is hybrid, then P is hybrid, i.e.,
PεωFεµF
ω
λ − Pµλ = 0
and
{e−2ρR∗abcd − Rabcd}FaµFbλFcωFdν = {Pacgbd − Pbcgad + gacPbd − gbcPad}FaµFbλFcωFdν .
Since we have
gabFaµF
b
λ = gµλ , PabF
a
µF
b
λ = Pµλ
and by using (3.28) , we write
{e−2ρR∗µλων − Rabcd}FaµFbλFcωFdν = Pµωgλν − Pλωgµν + gµωPλν − gλωPµν .
Hence from the above equation, we obtain
RabcdFaµF
b
λF
c
ωF
d
ν = Rµλων .
Thus, (3.28) holds in an l.c.K-manifold because it holds in a Kaehler manifold and g
is conformal to a Kaehler metric g∗ with Pµλ = −∇µαλ − αµαλ + ‖α‖22 gµλ . 
Theorem 3.9 [4] . In an l.c.K-manifold M(F, g, α) whose ∇µαλ − αµαλ is hybrid, if the
holomorphic sectional curvature at p ∈ M is constant c, then
4Rωνµλ = c(gωλgνµ − gωµgνλ + FωλFνµ − FωµFνλ − 2FωνFµλ)
+ 3(Pωλgνµ − Pωµgνλ + gωλPνµ − gωµPνλ) − {P˜ωλFνµ
− P˜ωµFνλ + FµλP˜νµ − FωµP˜νλ − 2(P˜ωνFµλ + FωνP˜µλ)} (3.29)
at p ∈ M where Pµλ = −∇µαλ − αµαλ + ‖α‖22 gµλ and P˜µλ = PεµFελ .
Proof . Let K be the holomorphic sectional curvature of the section {X, FX} at each
p ∈ M(c), and X ∈ TpM. Then we write
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K = −RενγλF
ε
ωX
ωXνFγµXµXλ
gωνXωXνgµλXµXλ
= −RενγλF
ε
ωF
γ
µ
gωνgµλ
= −Rω∗νµ∗λ
gωνgµλ
. (3.30)
We assume now that the holomorphic sectional curvature at p ∈ M has the constant
value c. Then we write
Rω∗νµ∗λ = −c (gωνgµλ) ,
Rν∗µω∗λ = −c (gνµgωλ) ,
Rµ∗ων∗λ = −c (gµωgνλ) .
Taking the sum of both sides, we have
Rω∗νµ∗λ + Rν∗µω∗λ + Rµ∗ων∗λ = −c (gωνgµλ + gνµgωλ + gµωgνλ) . (3.31)
Interchanging ω←→ ω∗ , µ←→ µ∗ , we get
Rωνµλ − Rν∗µ∗ωλ − Rµω∗ν∗λ = −c (FωνFµλ + FµνFωλ + gµωgνλ) . (3.32)
Interchanging ω←→ ν , we find
Rνωµλ − Rω∗µ∗νλ − Rµν∗ω∗λ = −c (FνωFµλ + FµωFνλ + gµνgωλ) . (3.33)
Subtracting (3.33) from (3.32) , we have
2Rωνµλ + Rµ∗ν∗ωλ + Rω∗µ∗νλ − Rµω∗ν∗λ − Rν∗µω∗λ = −c (2FωνFµλ + FµνFωλ − FµωFνλ
+ gµωgνλ − gµνgωλ) .
By using the first Bianchi identity , we obtain
2Rωνµλ + Rµ∗ν∗ωλ + Rω∗µ∗νλ + Rω∗ν∗µλ = c (gµνgωλ − gµωgνλ + FνµFωλ
− FωµFνλ − 2FωνFµλ) . (3.34)
Since g∗ is Keahler metric then, by virtue of (3.28) , we have
R∗ω∗ν∗µλ = R
∗
ωνµλ (3.35)
or
R∗ωνµ∗λ∗ = R
∗
ωνµλ . (3.36)
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In view of (2.22) , (3.35) and (3.36) , we obtain
R∗ω∗ν∗µλ = Rω∗ν∗µλ − Pν∗µgω∗λ + Pω∗µgν∗λ − gν∗µPω∗λ + gω∗µPν∗λ
= Rωνµλ − Pνµgωλ + Pωµgνλ − gνµPωλ + gωµPνλ (3.37)
whereby Pµ∗λ = PλεFεµ = P˜µλ and gµ∗λ = F
ε
µgελ = Fµλ .
From (3.37) , we have
Rµ∗ν∗ωλ = Rµνωλ − Pνωgµλ + Pµωgνλ − gνωPµλ + gµωPνλ
+ P˜νωFµλ − P˜µωFνλ + FνωP˜µλ − FµωP˜νλ ,
Rω∗µ∗νλ = Rωµνλ − Pµνgωλ + Pωνgµλ − gµνPωλ + gωνPµλ
+ P˜µνFωλ − P˜ωνFµλ + FµνP˜ωλ − FωνP˜µλ ,
Rω∗ν∗µλ = Rωνµλ − Pνµgωλ + Pωµgνλ − gνµPωλ + gωµPνλ
+ P˜νµFωλ − P˜ωµFνλ + FνµP˜ωλ − FωµP˜νλ
and so
2Rωνµλ + Rµνωλ + Rωµνλ + Rωνµλ = 4Rωνµλ .
Then we get
4Rωνµλ = c(gµνgωλ − gµωgνλ + FνµFωλ − FωµFνλ − 2FωνFµλ)
+ Pνωgµλ − Pµωgνλ + gνωPµλ − gµωPνλ + Pµνgωλ
− Pωνgµλ + gµνPωλ − gωνPµλ + Pνµgωλ − Pωµgνλ
+ gνµPωλ − gωµPνλ − P˜νωFµλ + P˜µωFνλ − FνωP˜µλ
+ µωP˜νλ − P˜µνFωλ + P˜ωνFµλ − FµνP˜ωλ + FωνP˜µλ
− P˜νµFωλ + P˜ωµFνλ − FνµP˜ωλ + FωµP˜νλ (3.38)
and
4Rωνµλ = c(gµνgωλ − gµωgνλ + FνµFωλ − FωµFνλ − 2FωνFµλ)
+ 2(Pωλgνµ − Pωµgνλ + gωλPνµ − gωµPνλ)
+ 2(P˜ωνFµλ + FωνP˜µλ) . (3.39)
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Consequently, we have
Pωλgνµ − Pωµgνλ + gωλPνµ − gωµPνλ = P˜ωλFνµ − P˜ωµFνλ + FωλP˜νµ − FωµP˜νλ
which completes the proof. 
3.4 Locally Conformal Kaehler Space Form
An l.c.K-manifold M(F, g, α) is called an l.c.K-space form if it has a constant
holomorphic sectional curvature. We know that the Riemannian curvature tensor R
of an l.c.K-space form with the constant holomorphic sectional curvature c is given by
(3.29) .
Proposition 3.10 [8] . A 4-dimensional l.c.K-space form in which the tensor field Pµλ is
hybrid is an Einstein one and the scalar field P is constant . Especially, if the manifold
is compact, then the length of the Lee vector field is constant.
Proof . Let M(c) be a real 2n-dimensional l.c.K-space form with constant holomorphic
sectional curvature c.
Contracting (3.29) with gωλ, we have
4Rωνµλgωλ = c{2(n + 1)gνµ} + 3(Pgνµ − 2Pνµ + 2nPνµ) − 6Pνµ
and
4Rνµ = {2(n + 1)c + 3P}gνµ + 6(n − 2)Pνµ , (3.40)
whereby the scalar field P is given by P = Pµλgµλ.
Contracting (3.16) with gµλ, we get
P = −∇εαε + (n − 1)‖α‖2 . (3.41)
Since Pµλ is hybrid , taking into account (3.40) , we have
Rνµ =
3
4
(2c + P)gµλ .
Since the holomorphic sectional curvature c and the scalar field P are constant it is
clear that (2c + P) is constant. This shows that the l.c.K-space form is Einstein.
Especially, if the manifold is compact , by integrating (3.41) , we get∫
M
Pdσ =
∫
M
{−∇εαε + (n − 1)‖α‖2}dσ .
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Using Green’s theorem we write∫
M
Pdσ = (n − 1)
∫
M
‖α‖2dσ
and
P
n − 1 = ‖α‖
2 .
Since the scalar field P is constant, ‖α‖ is constant. 
Theorem 3.11 [8] . A real 2n-dimensional (n , 2) l.c.K-space form M(c) in which
the tensor field Pµλ is hybrid, is an Einstein one if and only if the tensor field Pµλ is
proportional to gµλ. And then the scalar field P is constant.
Proof . If the tensor field Pµλ is proportional to gµλ and P is constant, then Pµλ can be
written as
Pµλ =
P
2n
gµλ . (3.42)
Substituting the above equation into (3.40) , we obtain
4Rνµ =
{
2(n + 1)c + 3P + 6(n − 1) P
2n
}
gνµ
=
{
2(n + 1)c +
6(n − 1)
n
P
}
gνµ , (3.43)
which means that the l.c.K-space form is Einstein.
Assume that the l.c.K-space form M(c) is an Einstein space , say
Rνµ = Cgνµ and 4Rνµ = 4Cgνµ .
Using (3.40) , we get
{2(n + 1)c + 3P}gνµ + 6(n − 2)Pνµ = 4Cgνµ
and so
Pνµ =
4C − 2(n + 1)c − 3p
6(n − 2) gνµ .
This shows that Rνµ and gνµ are proportional. 
Corollary 3.12 [8] . A real 2n-dimensional (n , 2) Einstein l.c.K-space form M(c) in
which the tensor field Pµλ is hybrid, is a complex space form if P = 0.
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Proposition 3.13 [8] . In a real 2n-dimensional (n , 2) l.c.K-space form M(c) in which
the tensor field Pµλ is hybrid, the Riemannian curvature tensor Rωνµλ can be written as
Rωνµλ =
1
2(n − 2)
[
− 2(n − 2)c + S
2(n − 1) (gωλgνµ − gωµgνλ)
+
2(n − 2)(2n − 1)c + S
6(n − 1) (FωλFνµ − FωµFνλ − 2FωνFµλ)
+ Rωλgνµ − Rωµgνλ + gωλRνµ − gωµRνλ + 13 {R˜ωλFνµ
− R˜ωµFνλ + FωλR˜νµ − FωµR˜νλ − 2(R˜ωνFµλ +ων R˜µλ)}
]
(3.44)
which does not include Pµλ and P˜µλ, where S denotes the scalar curvature with respect
to gµλ and we put R˜µλ = RεµFελ .
Proof . Contracting (3.40) with gµλ , we get
S = n(n + 1)c + 3(n − 1)P . (3.45)
By virtue of (3.40) and , we obtain
4Rµλ
2(n − 2) =
2(n + 1)(n − 1)c + 3(n − 1)P
2(n − 2)(n − 1) gµλ + 3Pµλ
and
4Rµλ
2(n − 2) =
(n − 2)(n + 1)c + n(n + 1)c + 3(n − 1)P
2(n − 2)(n − 1) gµλ + 3Pµλ .
By using (3.45) , we have
3Pµλ =
1
2(n − 2)
{
4Rµλ − (n − 2)(n + 1)c + Sn − 1 gµλ
}
. (3.46)
Contracting (3.46) with gλε , we have
3Pεµ =
1
2(n − 2)
{
4Rεµ −
(n − 2)(n + 1)c + S
n − 1 δ
ε
µ
}
(3.47)
and transvecting (3.47) with Fελ , we obtain
3P˜µλ =
1
2(n − 2)
{
4R˜µλ − (n − 2)(n + 1)c + Sn − 1 Fµλ
}
. (3.48)
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Substituting (3.46) and (3.48) into (3.29) , we get
4Rωνµλ = c (gωλgνµ − gωµgνλ + FωλFνµ − FωµFνλ − 2FωνFµλ)
+
1
2(n − 2)
[
− (n − 2)(n + 1)c + S
n − 1 2(gωλgνµ − gωµgνλ)
+ 4(Rωλgνµ − Rωµgνλ + gωλRνµ − gωµRνλ) + 13
{
2(FωλFνµ
− FωµFνλ) − 2(FωνFµλ + FµλFων)
}
+ 4
{
R˜ωλFνµ − R˜ωµFνλ
+ R˜νµFωλ − R˜νλFωµ − 2(R˜ωνFµλ + R˜µλFων)
}]
. (3.49)
By straightforward calculations, we get (3.44) . 
Theorem 3.14 [8] . In a real 2n-dimensional (n , 1, 2) l.c.K-space form M(c) in which
the tensor field Pµλ is hybrid, the scalar curvature S is constant, the length ‖α‖ of the
Lee form α is non-zero constant if and only if
∇εαε + 3‖α‖2 + 2(n + 1)c = 0. (3.50)
Proof . Let M(c) be an l.c.K-space form M(c) with the scalar curvature S and the
length ‖α‖ of the Lee form α is non-zero constant.
Now , differentiating (3.40) covariantly, we get
4∇ωRνµ = [2(n + 1)c + 3P]∇ωgνµ + 6(n − 2)∇ωPνµ .
Since ∇ωgνµ = 0, we have
2∇ωRνµ = 3(n − 2)∇ωPνµ . (3.51)
Substituting (3.16) into (3.51) , we have
2∇ωRνµ = 3(n − 2)
{
− ∇ω(∇ναµ) − (∇ωαµ)αν − (∇ωαν)αµ + 12(∇ω‖α‖
2)gνµ
}
. (3.52)
Using the Ricci identity and the equality ∇µαλ = ∇λαµ , we have
2(∇ωRνµ − ∇νRωµ) = 3(n − 2)
[
Rεωνµαε + (∇ναµ)αω − (∇ωαµ)αν
+
1
2
{(∇ω‖α‖2)gνµ − (∇ν‖α‖2)gµω}
]
. (3.53)
Contracting (3.53) with gνµ and taking into account 2∇εRελ = ∇λS [14], we obtain
2(∇ωS − ∇νRεω) = 3(n − 2)[Rεωαε + (∇ναν)αω − (∇ωαµ)αµ + (n −
1
2
)∇ω‖α‖2]
and
∇ωS = 3(n − 2)[Rεωαε + (∇εαε)αω + (n − 1)∇ω‖α‖2]. (3.54)
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Since S is constant , ∇ωS = 0 and consequently for n , 2, we get
Rεωαε + (∇εαε)αω + (n − 1)∇ω‖α‖2 = 0 . (3.55)
Now contracting (3.40) with gλε and transvecting with αε, we get
4Rεωαε = {2(n + 1)c + 3P}αω + 6(n − 2)Pωλαλ . (3.56)
From (3.41) , we get
3Pαω = −3(∇εαε)αω + 3(n − 1)‖α‖2αω (3.57)
and transvecting (3.16) , with αλ , we obtain
Pωλαλ = −12∇ε‖α‖
2 − 1
2
‖α‖2αω . (3.58)
Substituting (3.57) and (3.58) into (3.56) , we have
4Rεωαε = {2(n + 1)c − 3∇εαε + 3‖α‖2}αω − (3n − 6)∇ω‖α‖2 (3.59)
and substituting (3.59) into (3.55) , we find
{2(n + 1)c + 3‖α‖2 + ∇εαε}αω + (n + 2)∇ω‖α‖2 = 0 . (3.60)
Since the length ‖α‖ of the Lee form α is non-zero constant, we find
∇ω‖α‖2 = 0
and so
2(n + 1)c + 3‖α‖2 + ∇εαε = 0 . (3.61)
Conversely, suppose that (3.50) fulfills. Then we have
2(n + 1)c + 3‖α‖2 + ∇εαε = 0 .
By virtue of (3.60) , we get
(n + 2)∇ω‖α‖2 = 0
and consequently ∇ω‖α‖2 = 0 , which means that ‖α‖ is non-zero constant. 
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Corollary 3.15 [8] . Under the same assumption with Theorem 3.14, if the manifold
is compact and the length of the Lee form α is non-zero constant then there exists the
following relation between c and ‖α‖ ;
2(n + 1)c + 3‖α‖2 = 0. (3.62)
Proof . By virtue of (3.61) and Green’s Theorem , we find∫
M
{2(n + 1)c + 3‖α‖2 + ∇εαε}dσ = 0
and ∫
M
{2(n + 1)c + 3‖α‖2}dσ = 0 ,
which gives (3.62) . 
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4. ON CERTAIN VECTOR FIELDS IN LOCALLY CONFORMAL KAEHLER
MANIFOLDS
4.1 Contravariant Almost Analytic Vector Fields in an l.c.K-Manifold
A vector field 3λ in an almost complex manifold is called contravariant almost analytic
if it satisfies
£(v)Fλµ = 0 . (4.1)
Contracting (3.3) with gγλ, we have
∇εFλµ = −βµδλε + βλgεµ − αµFλε + αλFεµ (4.2)
and transvecting (4.2) with 3ε and taking into account the equality
3˜λ = Fλε3
ε , (4.3)
we obtain
3ε∇εFλµ = −βµ3λ + +βλ3µ − αµ˜3λ + αλ3˜µ . (4.4)
Let 3λ be a contravariant almost analytic vector field in an l.c.K-manifold M. Then
substituting (4.4) into (2.15) implies
Fλε∇µ3ε − Fεµ∇ε3λ − βµ3λ + βλ3µ − αµ˜3λ + αλ3˜µ = 0. (4.5)
Thus, in a locally conformal Kaehler manifold, we define a contravariant almost
analytic vector field as a vector which satisfies (4.5) .
Proposition 4.1 [8]. For a contravariant almost analytic vector field 3λ in an
l.c.K-manifold, £(v)gµλ is hybrid, that is,
£(v)gµλ − FεµFγλ£(v)gεγ = 0. (4.6)
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Proof . Transvecting (4.5) with Fγλ and using (3.4) ,we get
gεγ∇µ3ε − FεµFνγgνλ∇ε3λ + βµFλγ3λ + βλFγλ3µ + αµFνλgνγFλε3ε − βγ˜3µ = 0
and
∇µ3λ − FεµFγλ∇ε3γ − αµ3λ + αλ3µ + βµ˜3λ − βλ˜3µ = 0 . (4.7)
We put γ → µ , µ→ λ , ε→ γ and γ → ε into (4.7) , then
∇λ3µ − FγλFεµ∇γ3ε − αλ3µ + αµ3λ + βλ˜3µ − βµ˜3λ = 0 . (4.8)
By virtue of (4.7) and (4.8) , we find
∇µ3λ + ∇λ3µ − FεµFγλ(∇ε3γ + ∇γ3ε) = 0 .
Therefore
£(v)gµλ − FεµFγλ(£(v)gεγ) = 0 .
Hence £(v)gµλ is hybrid. 
Theorem 4.2 [8] . A necessary and sufficient condition for a contravariant almost
analytic vector field 3λ in an l.c.K-manifold to be Killing is that the vector field 3˜λ
satisfies
∇µ˜3λ − ∇λ˜3µ = 2(αµ˜3λ − αλ˜3µ − 〈α, 3〉Fµλ). (4.9)
Proof : Let a contravariant almost analytic vector field 3λ in an l.c.K-manifold be a
Killing vector field. Contracting (4.1) with gνλ , we get
£(v)Fµλ = 3ε∇εFµλ − Fεµ∇ε3λ + Fελ∇µ3ε . (4.10)
Using (4.3) , we have
∇µ˜3λ = Fελ∇µ3ε + 3ε(∇µFελ) . (4.11)
From (4.10) and (4.11) , we see
3ε∇εFµλ − Fεµ∇ε3λ + ∇µ˜3λ + 3ε(∇µFλε) = 0 . (4.12)
By (4.11) , we obtain
3ε∇εFµλ = 3ε(∇εFµλ + ∇λFεµ) − ∇λ˜3µ − Fεµ∇λ3ε . (4.13)
Substituting (4.13) into (4.12) , we get
3ε(∇εFµλ + ∇λFεµ) − ∇λ˜3µ − Fεµ∇λ3ε − Fεµ∇ε3λ + ∇µ˜3λ + 3ε(∇µFλε) = 0 .
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Thus we have
∇µ˜3λ − ∇λ˜3µ − Fεµ(∇ε3λ + ∇λ3ε) + 3ε(∇εFµλ + ∇λFεµ + ∇µFλε) = 0 . (4.14)
From (3.3) , we obtain
3ε[∇εFµλ + ∇λFεµ + ∇µFλε] = 2[−3εαµFελ + 3εαλFεµ + αε3εFµλ]
= 2(−αµ˜3λ + αλ˜3µ + 〈α, 3〉Fµλ) . (4.15)
Substituting (4.15) into (4.14) , we obtain
∇µ˜3λ − ∇λ˜3µ − Fεµ(∇ε3λ + ∇λ3ε) = 2(αµ˜3λ − αλ˜3µ − 〈α, 3〉Fµλ) (4.16)
and using (2.16) ,we get
∇µ˜3λ − ∇λ˜3µ = 2(αµ˜3λ − αλ˜3µ − 〈α, 3〉Fµλ) . (4.17)
Conversely, we assume that (4.9) holds. By using (4.16) , we see that
Fεµ(∇ε3λ + ∇λ3ε) = 0
and so
∇ε3λ + ∇λ3ε = 0 ,
which means the contravariant almost analytic vector field 3λ is Killing in an
l.c.k-manifold. 
Theorem 4.3 [8]. For a contravariant almost analytic vector field 3λ in an
l.c.K-manifold if the vector field 3˜λ is closed, then the vector fields 3λ and 3λ are
expressed by the linear combination of αλ and βλ.
Proof .We assume that the vector field 3˜λ for a contravariant almost analytic vector
field 3λ in an l.c.K-manifold is closed. By using (4.16) and (2.17) , we have
−Fεµ(∇ε3λ + ∇λ3ε) = 2 (αµ˜3λ − αλ˜3µ − 〈α, 3〉Fµλ) . (4.18)
Transvecting (4.18) with Fµγ , we obtain
(∇µ3λ + ∇λ3µ) = −2 (βµ˜3λ + αλ3µ − 〈α, 3〉gµλ) . (4.19)
Since the left hand side of the above equation is symmetric, we obtain
βµ˜3λ − βλ˜3µ + αλ3µ − αµ3λ = 0 . (4.20)
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Transvecting (4.20) with αµ, we have
‖α‖23λ = βε3εβλ + αµ3µαλ
= 〈β, 3〉βλ + 〈α, 3〉αλ . (4.21)
Hence we get
3λ =
〈α, 3〉
‖α‖2 αλ +
〈β, 3〉
‖α‖2 βλ . (4.22)

Proposition 4.4 [8]. In an l.c.K-manifold if the vector field 3˜λ for a contravariant
almost analytic vector field 3λ is closed, then the vector field 3λ satisfies
£(v)gµλ = −2〈α, 3〉‖α‖2 (βµβλ + αµαλ − ‖α‖
2gµλ). (4.23)
Proof . Contracting (4.22) with gελ, we obtain
3ε =
〈α, 3〉
‖α‖2 α
ε +
〈β, 3〉
‖α‖2 β
ε . (4.24)
Transvecting (4.24) with Fελ, we have
3˜λ =
〈α, 3〉
‖α‖2 βλ −
〈β, 3〉
‖α‖2 αλ . (4.25)
Substituting (4.22) and (4.25) into (4.19) , we obtain
£(v)gµλ = −2
[
βµ
(〈α, 3〉
‖α‖2 βλ −
〈β, 3〉
‖α‖2 αλ
)
+ αλ
(〈α, 3〉
‖α‖2 αµ +
〈β, 3〉
‖α‖2 βµ
)
− 〈α, 3〉gµλ
]
=
−2〈α, 3〉
‖α‖2 (βµβλ + αµαλ − ‖α‖
2gµλ) . (4.26)

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Proposition 4.5 [8]. In an l.c.K-manifold if the vector field 3˜λ for a contravariant
almost analytic vector field 3λ is Killing, then the vector field 3λ satisfies
∇µ3λ − ∇λ3µ = 2(αµ3λ − αλ3µ − 〈β, 3〉Fµλ) . (4.27)
Proof . Let the vector field 3˜λ for a contravariant almost analytic vector field 3λ is
Killing. In (4.12) , if we replace λ by µ , we get
3ε∇εFλµ − Fελ∇ε3µ + ∇λ˜3µ + 3ε(∇λFµε) = 0 (4.28)
and using (4.12) and (4.28) , we obtain
∇µ˜3λ + ∇λ˜3µ + 3ε(∇µFλε + ∇λFµε) − Fεµ∇ε3λ − Fελ∇ε3µ = 0 . (4.29)
By the straightforward calculations, we have
3ε(∇µFλε + ∇λFµε) = αλ˜3µ + αµ˜3λ − (βµ3λ + βλ3µ) + 2〈α, 3˜〉gµλ
and substituting the above equation into (4.29) , we find
∇µ˜3λ +∇λ˜3µ + αλ˜3µ + αµ˜3λ − (βµ3λ + βλ3µ) + 2〈α, 3˜〉gµλ − Fεµ∇ε3λ − Fελ∇ε3µ = 0. (4.30)
Since the vector field 3˜λ is Killing , the equation (4.29) implies
Fεµ∇ε3λ + Fελ∇ε3µ = αµ˜3λ + αλ˜3µ − (βµ3λ + βλ3µ) + 2〈α, 3˜〉gµλ . (4.31)
By using (4.5) and (4.31) , we find
Fελ∇µ3ε + Fελ∇ε3µ = 2(−βµ3λ + αµ˜3λ + 〈α, 3˜〉gµλ).
Transvecting the above equation with Fλγ , we get
∇µ3λ − ∇λ3µ = 2(αµ3λ − αλ3µ − 〈β, 3〉Fµλ). 
4.2 Covariant Almost Analytic Vector Fields in an l.c.K-Manifold
A vector field 4λ in a Hermitian manifold is called a covariant almost analytic vector
field if it satisfies
Fγµ∇γ4λ − Fγλ∇µ4γ − (∇µFγλ − ∇λFγµ)4γ = 0 (4.32)
[14] . In view of (4.2) , we have
(∇µFγλ − ∇λFγµ) = −βλδγµ − αλFµεgεγ + αγFµλ + βµδγλ + αµFλεgεγ − αγFλµ
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and
−4γ(∇µFγλ − ∇λFγµ) = βλ4µ − βµ4λ + αµ4˜λ − αλ4˜µ − 2〈α,4〉Fµλ. (4.33)
Let 4λ be a covariant almost analytic vector field in an l.c.K-manifold.
By using (4.33) , (4.32) implies
Fγµ∇γ4λ − Fγλ∇µ4γ + βλ4µ − βµ4λ + αµ4˜λ − αλ4˜µ − 2〈α,4〉Fµλ = 0, (4.34)
whereby 4˜λ = −Fελ4ε. Hence, in a locally conformal Kaehler manifold, we define a
covariant almost analytic vector field which satisfies (4.34) .
Transvecting (4.34) with βµ gives us
αε∇ε4λ + βγFελ∇γ4ε − 〈β,4〉βλ − 〈α,4〉αλ + ‖α‖24λ = 0. (4.35)
and also transvecting (4.34) with βλ, we have
αε∇λ4ε + βγFελ∇ε4γ − 〈β,4〉βλ − 〈α,4〉αλ + ‖α‖24λ = 0. (4.36)
Proposition 4.6 [8]. For a covariant almost analytic vector field 4λ in an
l.c.K-manifold the tensor field ∇µ4λ − ∇λ4µ is pure in µ and λ , that is ,
∇µ4λ − ∇λ4µ + FεµFγλ(∇ε4γ − ∇γ4ε) = 0. (4.37)
Proof . Let 4λ be a covariant almost analytic vector field. Transvecting (4.34) with
Fµν , we have
∇µ4λ + FεµFγλ∇ε4γ + βµ4˜λ + βλ4˜µ + αµ4λ + αλ4µ − 2〈α,4〉gµλ = 0. (4.38)
If we replace µ→ λ , λ→ µ , γ → ε and ε→ γ in (4.38) , we have
∇λ4µ + FγλFεµ∇γ4ε + βλ4˜µ + βµ4˜λ + αλ4µ + αµ4λ − 2〈α,4〉gµλ = 0. (4.39)
Now subtracting (4.39) from (4.38) , we have
∇µ4λ − ∇λ4µ + FεµFγλ(∇ε4γ − ∇γ4ε) = 0 . 
Lemma 4.7 [14] . If a tensor field S µλ is pure in µ and λ and a tensor field T µλ is
hybrid in µ and λ, then we have S µλT µλ = 0, identically.
Now, the tensor Fµλ is hybrid in µ and λ, we have from Proposition 4.6 and Lemma
(4.7) , we get
Fµλ∇µ4λ = 0 (4.40)
for any covariant almost analytic vector field 4λ in an l.c.K-manifold.
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Proposition 4.8 [8]. In a real 2n-dimensional (n , 1) compact l.c.K-manifold, a
covariant almost analytic vector field is orthogonal to the Lee vector field.
Proof : Contracting (4.38) with gµλ , we find
∇λ4λ + FελFγλ∇ε4γ + βλ4˜λ + βµ4˜µ + αλ4λ + αµ4µ − 2〈α,4〉gµλgµλ = 0
and using αε4ε = 〈α,4〉 , we get
∇λ4λ + gεγ∇ε4γ + αε4ε + αλ4λ + αµ4µ − 4n〈α,4〉 = 0
and
∇ε4ε − 2(n − 1)〈α,4〉 = 0. (4.41)
Applying Green’s theorem to (4.41) , we find∫
M
[∇ε4ε − 2(n − 1)〈α,4〉]dσ = 0
and hence ∫
M
(2(n − 1)〈α,4〉)dσ = 0 .
Since n , 1, we get
〈α,4〉 = 0. 
Proposition 4.9 [8]. If a vector field 4λ is contravariant and at the same time covariant
almost analytic in an l.c.K-manifold , then the length of the vector field 4λ is constant.
Proof . By using (3.3) , we get
(∇εFµλ)4ε = −βµ4λ + βλ4µ − αµ4˜λ + αλ4˜µ . (4.42)
Substituting (4.42) into (2.15) , we have
£(4)Fµλ = −βµ4λ + βλ4µ − αµ4˜λ + αλ4˜µ − Fελ∇µ4ε + Fεµ∇λ4ε (4.43)
for any covariant almost analytic vector field 4λ in an l.c.K-manifold. By virtue of
(4.34) and (4.43) , we obtain
£(4)Fµλ = 2(4˜µαλ − 4˜λαµ + 〈α,4〉Fµλ) + Fεµ(∇λ4ε − ∇ε4λ) (4.44)
Now, let a vector field 4λ be contravariant and the same time covariant almost analytic
in an l.c.K-manifold, we have the formula
£(4)Fλµ = {£(4)Fµε}gελ − Fµε(∇ε4λ + ∇λ4ε)
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and so
{£(4)Fµε}gελ = 2(4˜µαλ − 4˜λαµ + 〈α,4〉Fλµ) + Fεµ(∇λ4ε − ∇ε4λ) .
The we get
{£(4)Fµε}gελ − Fµε(∇ε4λ + ∇λ4ε) = 2(4˜µαλ − 4˜λαµ + 〈α,4〉Fλµ)
+ Fεµ(∇λ4ε − ∇ε4λ) − Fµε(∇ε4λ + ∇λ4ε) .
Since the vector field 4λ be contravariant almost analytic, £(4)Fλµ = 0.Hence it implies
2(4˜µαλ − 4˜λαµ + 〈α,4〉Fλµ − Fεµ∇ε4λ) = 0.
Therefore, we write
2Fεµ(−4εαλ − 4˜λβε − ∇ε4λ) + 2Fλµ〈α,4〉 = 0
and consequently
−4εαλ − 4˜λβε − ∇ε4λ + 〈α,4〉 = 0.
Contracting the above equation with gλγ, we get
−4εαγ − 4˜γβε − ∇ε4γ + 〈α,4〉gλγ = 0
and so
∇µ4λ = −4µαλ − 4˜λβµ + 〈α,4〉gµλ . (4.45)
From this, we obtain
1
2
∇µ‖4‖2 = (∇µ4ε)4ε = 0 (4.46)
which means the length of the vector field 4λ is constant. 
Proposition 4.10 [8]. In a 2n-dimensional l.c.K-manifold , if a covariant almost
analytic vector field 4λ is closed and orthogonal to βλ , then the vector field 4˜λ is
harmonic.
Proof . For a covariant almost analytic vector field 4λ, the equation (4.32) can be
written as
Fεµ(∇ε4λ − ∇λ4ε) + ∇µ4˜λ − ∇λ4˜µ = 0. (4.47)
Moreover, transvecting (4.41) with Fεµ , we get
∇ε4˜ε = −2(n − 1)〈β,4〉 . (4.48)
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Since 4λ is closed, using (4.47) , we obtain
∇µ4˜λ − ∇λ4˜µ = 0.
Since 4λ is orthogonal to βλ , 〈β,4〉 = 0. Hence, in view of (4.48) ,we get
∇µ4˜λ − ∇λ4˜µ = 0 and ∇ε4˜ε = 0 ,
which implies that the vector field 4˜λ is harmonic. 
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5. SUBMANIFOLDS OF LOCALLY CONFORMAL KAEHLER MANIFOLDS
5.1 Submanifolds of Locally Conformal Kaehler Manifolds
Let N be a real m-dimensional manifold isometrically immersed in a real
2n-dimensional l.c.K-manifold M(Fλµ, gµλ, αλ). If the manifold M is covered by a
system of coordinate neighborhoods {V, 3λ} and N is covered by a system of coordinate
neighborhoods {U, ui} , whereby here and in the sequel the indices k, j, ..., i run over
the range { 1, 2, ..., m} , then the submanifold N can be locally represented by
3λ = 3λ(ui) . (5.1)
In the following, we shall identify vector fields in N and the image under the differential
mapping, that is, if i denotes the immersion of N in M and X is a vector field in N, we
identify X and i∗(X) whereby
i∗ : TpN → TpM .
We put
Bλi = ∂i3
λ =
∂3λ
∂ui
, ∂i =
∂
∂ui
(5.2)
and let g ji be the induced metric on N, then we have
g ji = gµλB
µ
j B
λ
i . (5.3)
Let ξλx be a system of orthogonal normal vectors, whereby the indices z, 2, ..., x run over
the range {1, 2, ..., 2n − m}. Then we have
gµλB
µ
i ξ
λ
x = 0 (5.4)
and also
gµλξµ2ξ
λ
x = δ2x . (5.5)
The formulas of Gauss and Weingarten are respectively given by
∇ jBλi = hxjiξλx , (5.6)
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∇ jξλx = −hijxBλi + l2jxξλ2 . (5.7)
whereby hxji and l
x
j2 denote the second and third fundamental tensors, respectively.
The equation of Gauss and Codazzi are respectively given by
RωνµλBωk B
ν
jB
µ
i B
λ
h = Rk jih − hxkhh jix + hxkih jhx , (5.8)
RωνµλBωk B
ν
jB
µ
i ξ
λ
x = ∇˜kh jix − ∇˜ jhkix , (5.9)
whereby ∇˜ denotes the covariant differentiation which is defined by the covariant
differentiations with respect to the induced Riemannian connection in N and the normal
connection.
Now the transformation FλµB
µ
j of B
µ
j by F
λ
µ can be written as
FλµB
µ
j = f
i
j B
λ
i + f
x
j ξ
λ
x , (5.10)
whereby f ij and f
x
j are respectively a tensor field of type (1,1) and a normal bundle
valued 1-form in N. The transformation Fλµξ
µ
2 of ξ
µ
2 by Fλµ can be written as
Fλµξ
µ
2 = − f i2Bλi + f x2 ξλx , (5.11)
whereby f i2 and f
x
2 are respectively a tangent bundle valued 1-form and a tensor field
of type (1,1) of the normal bundle in N. Then we get
f i2 = f
x
j g
jiδ2x . (5.12)
A submanifold N is called invariant if FTuN = TuN for any point u ∈ N , whereby
TuN denotes the tangent vector space of N at u in N, that is, a real m-dimesional N of
an l.c.K-manifold M is said to be invariant if the tangent space at each point of N is
invariant under the action of Fλµ.
For an invariant submanifold N, we have
f xj = 0 . (5.13)
Thus from (5.10) and (5.11) , we get
FλµB
µ
j = f
i
j B
λ
i , (5.14)
Fλµξ
µ
2 = f
x
2 ξ
λ
x , (5.15)
respectively.
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Next, we decompose the Lee vector field αλ as follows
αλ = αiBλi + α
xξλx , (5.16)
whereby αi and αx are respectively the tangential and the normal components of αλ. In
an invariant submanifold N of an l.c.K-manifold M we have αx = 0, identically, that is
, the Lee vector field αλ is always tangent to N, say
αλ = αiBλi .
Proposition 5.1 [8]. An invariant submanifold N of an l.c.K-manifold M in which Lee
vector field αλ is tangent to N is an l.c.K-manifold with structure ( f ij , g ji, αi).
Proof . Transvecting (5.14) with f jk , we get
FλµF
µ
νB
ν
k = f
j
k f
i
j B
λ
i
and so
−Bλk = f jk f ij Bλi
which implies that
f jk f
i
j = −δik . (5.17)
Similarly, in virtue of (5.15) , we get
f z2 f
x
z = −δx2 . (5.18)
Moreover, we have
glk f lj f
k
i = g ji . (5.19)
The equations (5.17) , (5.18) and (5.19) mean that ( f ij , g ji) is a local almost complex
metric structure on N.
Transvecting (3.3) with BνkB
µ
j B
λ
i , we obtain
∇k f ji = −β jgki + βigk j − α j fki + αi fk j. (5.20)
Since Lee form αλ is closed, we have
∇ jαi = ∇iα j , (5.21)
that is, the 1-form αi is closed on N, whereby β j = −αl f lj . 
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Proposition 5.2 [8]. In an invariant submanifold N of an l.c.K-manifold M in which
the Lee vector field αλ is tangent to N, if the tensor field Pµλ is hybrid, then the tensor
field p ji is hybrid, too.
Proof. In an invariant submanifold N of an l.c.K-manifold M satisfying αx = 0,
identically, that is , the Lee vector field αλ is always tangent to N.
Transvecting (3.16) with Bµj B
λ
i , we get
PµλB
µ
j B
λ
i = −(∇µαλ)Bµj Bλi − αµαλBµj Bλi +
‖α‖2
2
gµλB
µ
j B
λ
i
and so
p ji = −∇ jαi − α jαi + ‖α‖
2
2
g ji . (5.22)
Since the tensor Pµλ is hybrid, say PµεFελ + PλεF
ε
µ = 0, then by using (5.22) , we get
p jk f ki + pik f
k
j = 0.
This shows that, the tensor field p ji is hybrid. 
Proposition 5.3 [8]. An invariant submanifold N of an l.c.K-manifold M is minimal,
that is, trace(hijx) = h jixg
ji = 0, if and only if the Lee vector field αλ is tangent to N.
5.2 Invariant Submanifolds of an l.c.K-Space Form
Let M(c) be an l.c.K-space form with constant holomorphic sectional curvature c and
N be a real m-dimensional invariant submanifold of M(c).
In this section, we always assume that the Lee vector field αλ is tangent to N.
Theorem 5.4 [8]. Let N be a real m-dimensional minimal invariant submanifold of an
l.c.K-space form M(c). Then we have
4R 6 m(m + 2)c + 6(m − 2)p . (5.23)
The equality holds if and only if the submanifold N is totally geodesic.
Proof . Transvecting (3.29) with Bωk B
ν
jB
µ
i B
λ
h, we get
4RωνµλBωk B
ν
jB
µ
i B
λ
h = c (gkhg ji − gkig jh + fkh f ji − fkiF jh − 2Fk jFih)
+ 3(Pkhg ji − Pkig jh + gkhP ji − gkiP jh) − { p˜kh f ji
− p˜ki f jh + fkh p˜ ji − fki p˜ jh − 2(p˜k j fih + fk j p˜ih)} ,
whereby p˜ ji = −p jl f li .
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By using (5.8) , we obtain
4Rk jih = c (gkhg ji − gkig jh + fkh f ji − fkiF jh − 2Fk jFih)
+ 3(Pkhg ji − Pkig jh + gkhP ji − gkiP jh) − p˜kh f ji
+ p˜ki f jh − fkh p˜ ji + fki p˜ jh − 2(p˜k j fih + fk j p˜ih)
+ 4(hxkhh jix − hxkih jhx) . (5.24)
Contracting (5.24) with gkh , we get
4Rk jihgkh = c(m + 2)g ji + 3(pg ji + mp ji − 2p ji) − 6p ji − 4hxkihkjx
and then
4R ji = {(m + 2)c + 3p}g ji + 3(m − 4)p ji − 4hxkihkjx , (5.25)
whereby p jig ji = p.
Transvecting (5.25) with g ji , we get
4R = m(m + 2)c + 6mp − 12p − 4hxkihkix .
Then we have
4(R + ‖h‖2) = m(m + 2)c + 6(m − 2)p , (5.26)
whereby R is the scalar curvature with respect to g ji and ‖h‖ denotes the length of the
second fundamental tensor h jix. By virtue of (5.26) , we have (5.23) .
If the equality holds in (5.23) , the we have
4R = m(m + 2)c + 6(m − 2)p .
By using (5.26) , we get
‖h‖ = 0 and h jix = 0 ,
which means that the submanifold N is totally geodesic.
Conversely, if the submanifold N is totally geodesic, then h jix = 0 and ‖h‖ = 0. Thus
the equality holds in the equation (5.23) . 
49
Proposition 5.5 [8]. Let N be a real m-dimensional invariant closed minimal
submanifold of an l.c.K-space form M(c). Then we have
4
∫
RdN 6 m(m + 2)cVol.N + 3(m − 2)2
∫
‖α‖2dN . (5.27)
The equality holds if and only if the submanifold N is totally geodesic.
Proof . By transvecting (5.22) with g ji, we find
p = −∇ jα j + m − 22 ‖α‖
2 (5.28)
and substituting (5.28) into (5.26) , we get
4R = m(m + 2)c − 6(m − 2)∇ jα j + 3(m − 2)2‖α‖2 − 4‖h‖2 . (5.29)
Since the submanifold is compact (i.e.closed), using Green’s Theorem , we have
4
∫
RdN = m(m + 2)cVol.N + 3(m − 2)2
∫
‖α‖2dN − 4
∫
‖h‖2dN , (5.30)
whereby dN and Vol. N denote the volume element and the volume of N, respectively.
Then we have
4
∫
RdN 6 m(m + 2)cVol.N + 3(m − 2)2
∫
‖α‖2dN .
If the submanifold N is totally geodesic, then ‖h‖ = 0 and by virtue of (5.30) , we write
4
∫
RdN = m(m + 2)cVol.N + 3(m − 2)2
∫
‖α‖2dN .
Hence, the equality holds in (5.27) .
Conversely if the equality holds in (5.27) , from (5.30) , we obtain ‖h‖ = 0 , that is ,the
submanifold N is totally geodesic. 
Theorem 5.6 [8]. In a minimal invariant submanifold N of an l.c.K- space form M(c),
the vector field R˜(Z,Y)X is tangent to N or equivalenty ∇˜kh jix − ∇˜ jhkix = 0 if and only
if
hsixαs = 0 , (5.31)
whereby R˜ denotes the Riemannian curvature tensor with respect to gµλ and X,Y,Z are
any tangent vector fields on N.
Proof . Transvecting (3.29) with Bωj B
ν
i B
µ
kξ
λ
x , we get
4RωνµλBωj B
ν
i B
µ
kξ
λ
x = 3
(
gikPωλBωj ξ
λ
x − g jkPνλBνi ξλx
)
−
{
fikP˜ωλBωj ξ
λ
x − f jkP˜νλBνi ξλx − 2 f jiP˜µλBµkξλx
}
.
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Using the following equality
PωλBωj ξ
λ
x = −hsjxαs = −δtjhstxαs ,
we have
RωνµλBωj B
ν
i B
µ
kξ
λ
x =
1
4
{
3(g jkδti − δtjgik) + f tj fik − f tj fik − 2 f jh f th
}
hstxαs . (5.32)
If ∇˜kh jix − ∇˜ jhkix = 0, by using (5.9) , we get (5.31) .
Conversely, if (5.31) holds , then in view of (5.32) , we have
RωνµλBωj B
ν
i B
µ
kξ
λ
x = 0
and so by using (5.9) we have
∇˜kh jix − ∇˜ jhkix = 0 ,
that is, the vector field R˜ is tangent to N. 
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6. CONCLUSION AND RECOMMENDATIONS
Let M be a real 2n-dimensional Hermitian manifold with a metric g, a complex
structure F and the fundamental 2-form Ω is defined by Ω(X,Y) = g(FX,Y). The
manifold M is called a locally conformal Kaehler manifold (an l.c.K-manifold) if
each point x in M has an open neighborhood U with a positive differentiable function
ρ : U → R such that g∗ = e−2ρg |U is a Kaehlerian metric on U, that is , a Hermitian
manifold whose metric is locally conformal to a Kaehler metric is called an l.c.K-
manifold.
A Hermitian manifold M is an l.c.K-manifold if and only if there exists on M a global
closed 1-form α such that dΩ = 2α ∧Ω and α is called the Lee form.
Moreover, a necessary and sufficient condition for a Hermitian manifold is an
l.c.K-manifold to be ∇νFµλ = −βµgνλ + βλgνµ − αµFνλ + αλFνµ , whereby βλ = αεFελ.
It is also proved that the necessary and sufficient condition for the length of the Lee
form to be constant.
In future, we aim to construct some type of submanifolds of locally conformal Kaehler
manifolds.
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